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Abstract— Using Bayesian transfer learning, we develop a
particle filter approach for tracking a nonlinear dynamical
motion model in a dual-sensor system where intensities of mea-
surement noise for both sensors are asymmetric. The densities
for Bayesian transfer learning are approximated with the sum
of weighted particles to improve the tracking performance of
the primary sensor, which experiences higher noise intensity
compared to the source sensor. Simulation results are presented
that validate the effectiveness of the proposed approach com-
pared to an isolated particle filter and transfer learning applied
to the unscented Kalman filter and the cubature Kalman filter.

I. INTRODUCTION

We consider a dual-sensor system for tracking a single
object, where the fields of view of the two sensors overlap.
One of the sensors is referred to as the primary sensor, while
the other is the source sensor. Each of the sensors employs a
particle filter to track the common object along a nonlinear
trajectory. We shall assume that the primary sensor’s field of
view (FOV) encounters higher noise intensity or clutter in
its measurements compared to that of the source sensor. Our
aim is to improve the tracking performance of the primary
sensor by leveraging knowledge from the source sensor using
Bayesian transfer learning (BTL).

Transfer learning or knowledge transfer, a machine learn-
ing technique, has recently been introduced into Bayesian
models involving multiple tracking systems [1]. This ap-
proach is referred to as BTL [2]. Transfer learning allows
knowledge gained from a source domain to improve the
performance of a target domain that has challenges of
performing its own task accurately. BTL has been adopted
to model Gaussian process regression with multiple tasks to
effectively address the interactions between the source and
target tasks [3]. Additionally, online object tracking has been
modeled using BTL to allow the transfer of visual priors
into the tracking process framework to improve performance
under complex conditions [4].

BTL has been applied to a pair of Kalman filters with
asymmetric noise intensities for tracking an object following
a linear motion model [5]. The incorporation of BTL with
a Bayesian filter, referred to as a Bayesian transfer learning
filter (BTLF), aims to enhance the estimation performance
of the primary sensor, whose FOV is affected by severe
conditions, by leveraging gained knowledge from the source
sensor. BTLF has been previously applied in [6] to track
a nonlinear motion model using a local approximation
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approach, where the posterior density follows the form of
the prior density. In this approach, the predicted observation
parameters, i.e., the mean and covariance, obtained from
Bayesian filtering using an unscented Kalman filter, were
transferred from the source sensor to the primary sensor.
The BTL approach is different from measurement vector
fusion (MVF) [7] and distributed estimation filtering methods
such as distributed Kalman filtering (DKF) [8], [9], in which
the source sensor directly transfers its estimated states or
measurements to the primary sensor. The drawbacks of MVF
and DKF relative to the BTLF approach are as follows:
(1) higher communication overhead in transferring cluttered
observation data, (ii) one time-step delay in the transferred
information, and (iii) from a security or privacy perspective,
the raw observation data may contain information that the
source may not which to disclose.

To the best of our knowledge, there have been no previ-
ous applications of global approaches, whereby no explicit
assumption is made about the form of the posterior density,
in the context of BTLF. A popular global approach for
nonlinear filtering the particle filter (PF) with importance re-
sampling [10], [11]. Our main contribution is to approximate
BTLF via a PF to track a nonlinear dynamical motion model
in a dual-sensor system under asymmetric measurement
noise intensities.

Our simulation results show that the estimation accuracy
performance of the proposed transfer learning particle fil-
ter (TL-PF) scheme, which incorporates BTLF with PF,
is significantly superior relative to the performance of an
isolated PF under the same conditions. The main benefit
of the proposed TL-PF approach is that it outperforms
not only the isolated PF, but also the integration of un-
scented Kalman filter (UKF) [12] and cubature Kalman filter
(CKF) [13] with BTLF, which we refer to as transfer learning
unscented Kalman filter (TL-UKF) and transfer learning
cubature Kalman filter (TL-CKF) respectively, as recently
published in [14], [15]. This demonstrates the advantages
of integrating PF with BTLF to achieve higher accuracy
performances for the challenges of nonlinear motion tracking
in dual-sensor systems.

The rest of the paper is organized as follows. Section
formulates the problem of tracking an object using a dual-
sensor system with a nonlinear model under asymmetric
measurement noise intensities. In Section the BTLF
framework is applied to object tracking in a dual-sensor
system. Section [IV] develops the TL-PF scheme. Numerical
results are presented in Section [V} The paper is concluded
in Section [Vl



II. DYNAMIC SYSTEM MODEL FOR OBJECT TRACKING
A. Nonlinear Motion Model

Consider a discrete-time dynamical nonlinear system [16]
described in a state space representation by the following
equations:

Xp = f (Xp—1) + Vi—1, 9]
zp = h (xx) + Wy, ()

where k& € Ny denotes the time step of the discrete-time
dynamical system. The state of the system at time k is
represented by x5, € R™ and f : R™ — R™= is a nonlinear
state transition function. The measurement of the system
observed at time k is denoted by a vector z;, € R™=, which
is determined by a nonlinear function h : R™ — R™= of
the state vector. The vectors vi_; € R"* and w;, € R"=
define the process and measurement noises characterizing
the uncertainty in the dynamical system. The state and
measurement vectors for a particular object tracking scenario
are defined in Section [Vl

B. Dual-Sensor System with Asymmetric Noise Intensities

We consider a dual-sensor system tracking a single object
following the nonlinear motion model provided in (T). The
process noise of both sensors is assumed to be independent
and identically distributed (i.i.d.) zero-mean Gaussian vector
process, expressed as vy id (0,Qy), with the same
corresponding covariance Q, € R™*"= for the source and
the primary sensors. The two sensors each track the desired
object under the same type of measurement noise, which is
assumed to be Gaussian. However, the environmental and
surrounding conditions according to each sensor location
and its FOV are not necessarily the same. This variation in
conditions leads to dissimilar measurement noise intensities
that the sensors experience. As shown in Fig. [1| the source
sensor measurements are denoted by z; with superscript x
while primary sensor measurements are denoted by zj.

The measurement model represented in (2) will be sepa-
rated for the source and primary sensors, respectively, as

z; = h(x) + wj and z = h (X) + Wy, (3)

where the measurement noise of the source and primary
sensors are assumed to be“i.i.d. zero-mean Gaussian, i.e.,
w} S N(0,Q%,) and wy, d (0, Qw), respectively. The
measurement noise covariances are given by Qg, = I3, By
and Qw = [xByw, where By, € R"=*"= js the common
matrix. The noise intensities of the source, I, € R, and
primary, I, € R*, sensors are assumed to be asymmetric,
ie, Iy > IF. The higher level of noise intensity at
the primary sensor negatively impacts the reliability of its
measurements and its tracking performance.

III. BAYESIAN TRANSFER LEARNING FILTER APPROACH

We briefly review the BTLF framework, which was ap-
plied in [6], [14] in the context of a dual-sensor system based
on the unscented Kalman filter.

Source
X},
o
o x .
Mk+15 Pnn,k+1

Transfer Knowledge

Fig. 1. Tlustration of a dual-sensor system with asymmetric noise
intensities integrating transfer learning technique.

A. Source Tracking Filter

In the source tracking filter, an unknown object state,
denoted as xj, of the current time step k and a predicted ob-
servation 7y, ; of the next time step k£+1 are estimated given
a set of observed measurements up to time step k, defined
as z3., = {z},25,...,2}}. The overall posterior density of
the object state and predicted observation p(xj, nj, | 2].;,)
is estimated via two posterior densities by (see [14])

PG Mg | 270) o PO | 200) DM [ 200)s ()

where the object state posterior and predicted observation
densities are expressed, respectively, as

p(xg; | 21
oc p(z, | x3) p(xg; | X5—1) p(XG—1 [ 214-1)5 (5)

and

p(772+1 | 21.1.)
o< P(Mies1 | Xy1) P(Xfgr | x5) (x5 | 21.8)- (6)

The parameter of the predicted observation density in (6]
along with the predicted observations are transferred to the
primary tracking filter and leveraged in the tracking filter of
the next time step to improve tracking accuracy.

B. Primary Tracking Filter

The primary tracking filter receives predicted observations
up to time step k£ from the source tracking filter. Given the
set of transferred predicted observations 73, and observed
measurements up to time step k, the object state posterior
density is estimated as (see [14])

p(xk | Z1:kﬂl§:k)
o p(zy | i) (k| %) P(X | %4—1)- (7
Via (7), the state density is estimated by incorporating
transferred predicted observations from the source tracking
filter as prior knowledge. This yields superior performance
for the primary sensor, which has less reliable measurements.
IV. TRANSFER LEARNING FOR PARTICLE FILTERS

We now develop a global approximation approach that
integrates particle filtering with a BTLF.



A. Source Tracking Filter

The object state posterior density p(x} | z},,,) in @) is
approximated using PF with N, weighted particles given by

Zw*(z ( x;“)), ®)

where §(-) is the Dirac delta function. Ideally, the particles
in are sampled directly from the posterior density. Since
sampling from the posterior density itself is not possible in
most practical scenarios, weighted particles are simply drawn
indirectly from a proposal density, known as the importance
density, defined as

p(x; | Z7.1,)

s~ g x| : 9)

The importance density q(xk 2 | X;( )17 z1 ) 1s chosen to

be the state transition prior p(x,~C 2 | x; )1) given in (I).

This choice of proposal density was used in [17], [18] to
simplify the implementation of the PF. According to this
common choice of proposal density, the computation time
for sampling from the proposal importance density will be
eliminated by propagating samples of the previous time step
through the transition model function. After choosing the
importance density as the state transition prior, the non-
normalized weights in (8) and sampled particles in (9) can
be obtained, respectively, as

wi o wi p(zy | x5, (10)
and
xi )~ p” [ x4 ) (11)
i=1,...,N,

Under the assumption wij o N (0,Q%,), the measure-
ment likelihood is utilized to update non-normalized weights

in (I0) via
1
Pz, | %) =

o v ()

12)

) — _% (zk—h( *())) Q) (z;—h(x;(“)) , (13)

z; € R" and Qj, is the covariance of the Gaussian
measurement noise in (2). The updated weights in are
normalized to sum to one.

The resampling step reduces the effect of the degen-
eracy phenomenon described in [19], which appears after
performing the sequential algorithm for a certain number
of iterations. This phenomenon causes numerous particles,
eventually a majority of particles, to receive almost zero
weight, rendering them ineffective in the approximation
process for the posterior density. This method measures the
degeneracy at each time step by computing the effective
number of particles Nog, as defined in [17], and plays
an important role once the effective number of particles
drops below a certain threshold. The systematic resampling

technique introduced in [20] is performed at every time step
in the Sequential Importance Resampling (SIR) process by
neglecting particles with low weights and duplicating the
higher weighted particles. The new set of particles is re-
weighted uniformly by assigning a new weight wz(z) =1/N;
to each particle as part of the SIR process.

The state posterior density, p(x}, | z1.,) = N (x}; X}, P%),
is approximately estimated based on the resampled particles
and new assigned weights with mean X} computed as X} =
N ZL f xz( " and the associated covariance P is obtained
via

1 Ns . T
Pi= gL (%) (6 %) s Qi 9
The predicted observation posterior density p(n;,, | 2].;)
in (6) is approximated similarly with a set of weighted
particles via

P(Mieqr | 210) Z wZZ(f (772+1 77291) (15)
where the 1mp0rtance density q(n et | x), @ z7.;,) is chosen
to be p(nkJrl | x), )) given as

pmiy | %) =pm 1650) v 1), a6)

According to the choice of importance density in (I6),
particles are drawn and weighted as following:

*(i) ( *(7) ‘ *(z))

k1 ™ P(Xpy1 ) (17)

*(1) *(17) *(1)

pa1 ~ Py Xk’-&-l)‘ ) (18)

and wk:’_(f) = w,t(z) =1/Ns.
The mean and covariance for the predicted observation
posterior density in (I3), which follows a Gaussian model

expressed as P(TIZ-H | 27,) = N(n2+1;ﬁ2+17P¢;n,k+1)»
are estimated via uniformly weighted sampled particles and
computed according to the following expressions:

Ak 1 ~ *(17
s = - Z m ), (19)
N.

I N~ -« w0 _ox \T A
Z(T’k-i-l 77k+1) (nk+1*77k+1> +Q-
S1:1
(20)

*
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Note that the estimated mean #);_; and covariance Py, .,
in (T9) and (20), respectively, are transferred simultaneously
to the primary tracking filter. These transferred parameters,
which characterize the predicted observation density in (),
provide valuable knowledge to be leveraged in the estimation
process of the primary tracking filter to enhance its tracking
performance.



B. Primary Tracking Filter

The primary sensor utilizes the transferred mean and
covariance of the predicted observation density from the
source tracking filter as a prior to estimate the overall
posterior density p(x,, | z;.,., M5.;.) given in (7). Using the PF
approach, the approximation of the overall posterior density
via weighted particles is expressed as

N
Xy, | 215 M3s) & Z w;(!’)5 (Xk - XJ(;)) ) 2D
i=1
where the particles in 1) are drawn from an importance
density as follows:

(

Xkl) ~ q(XS) | X](cizl7 Zl;k;7 775:]{)) (22)

i=1,...,Ns

By choosing the progosal density to be the state transition
S (4) (i Y (@) () 3\ th
prior, ie.. (x| X712y, M5) = P(x;° | x;,24), the

non-normalized weights in (ZI) are computed via

wy 0wl p(zy | %), (23)

where the transferred predicted observation weights are de-
noted by w',g(z) and defined by

w;}(i) (4)

ocw | (g | %), (24)

and particles that approximate the overall posterior density,
formulated in (22), are sampled based on the chosen proposal
density as

x() ~p(x [ x(7 ) (25)

i=1,...,N,

The non-normalized weights are updated using two likeli-
hoods to incorporate the most recent observed measurement
and the simultaneously transferred parameters at each time
step. The transferred predicted observation weights in (24)
are obtained as an initial stage for updating the overall
weights in (23) by applying the transferred predicted ob-
servation likelihood p(n7, | xg)), which is given by

1

P | %) = ——— e (0"7). @6
(27T)nz/ |Pnn,k‘

where

pn(i)

— _1 (ff]* _ h(x(l)))T( * )—1 (A* _ h(X(Z))) (27)
9 k k nn.k Ng k .
After updating the weights through the transferred predicted
observation likelihood, the measurement likelihood p(z,, |
xg’)) is employed to compute the weights in (23). The
measurement likelihood is given by

1

o i ()

plz, | x)) = (28)

The above likelihoods, expressed in (26) and (28), are
formulated under the assumption of the measurement model
given by (2). Unlike the isolated PF algorithm, the particle
weights in the TL-PF are updated in (24) by leveraging the
transferred density parameters, characterized by the mean
ﬁz and its associated covariance P;‘m > Which are estimated
at the previous time step £k — 1 from the source tracking
filter as an additive step introduced mainly for incorporating
transferred parameters within the process of the PF frame-
work in addition to the updating step in (28) and (29) via
newly observed measurement z, with its covariance Q..
The overall weights associated with each individual particle
in are normalized to sum to one.

Similar to the source tracking filter, drawn particles along
with their normalized weights are resampled using the sys-
tematic resampling technique to mitigate the degeneracy phe-
nomenon effect where the resultant weights are identically
equal to 1/N;,. The overall state posterior density in (1)
is modeled as a Gaussian density, expressed as p(x, |
Zy .4, M5) = N(x4;%X,, P,). The mean X, and associated
covariance P, of this posterior density are estimated using
N resampled particles as follows:

1 &
. ()
X, = ﬁ; x;, (30)
N,
1 & 0 . o A \T
P, =+ (x,i) —xk) (x,i) —xk) +Q,. (3

V. SIMULATION RESULTS
A. Tracking System Model and Parameters Settings

For our simulations, we consider a single maneuvering
object with an unknown state vector to be tracked by a dual-
sensor system. We adopt the nonlinear motion model in [21]
given by

1 sin(g:jn) 0 — (1—co;(?f;1n)> 0_

0 cos(Qk-1Ts) O —sin(Qg_1T5s) 0
xp=0 1ol Sn(@e1Te) 0| Xk

0 sin(Qr_1Ts) 0 cos(Qg—1T5) 0

_O 0 0 0 1_
Vi1 (32)

The object state is given by x, =[x, Tx, Y&, Uk, Q). » which
consists of the Cartesian coordinates of the object’s position
(zk, yx), the object’s velocity (ix,yx), and the turn rate
Q. The process noise vy id N(0,Qy) with associated
covariance

o a% 0 0 o0

nZ @I 0 0 0
Q=0 0 o ¢% o (33)

0 0 a% aT? o0

0 0 0 0 q2T



As in Section [[I-B] the error process noise covariances of
the source and primary tracking filters are assumed to be
identical.

The dual-sensor system observes measurements that fol-
low the nonlinear measurement models in (3) with asym-
metric measurement noise intensities for the source and
primary tracking filters. The measurement vector for each
sensor comprises the object’s range, r,=+/z% + y;, and
bearing angle, (;=arctan (yx/x1), i€, zx = [k, (k)T
The measurement noises of the source and primary track-
ing filters are zero-mean Gaussian processes denoted as
wi X N(0,Q%) and wy X AN(0,Qy,). with associated
covariances Q3, = I, By and Q. = I, By, respectively,
where By, = diag[o7, o7]. The noise intensity levels I3, and
I, represent conditions impacting the individual sensors.

TABLE I
SIMULATION PARAMETER SETTINGS

Parameter Value Parameter Value
Nx 5 Ny 2
Ts 1ls MC runs 10, 000
q1 0.1 m?/s* q2 1.75 x 1072 rad?/s3
or 10 m o¢ V10 x 1073 rad
I3, 1 I, 1—38

The simulation parameter settings for the dual-sensor
tracking system are specified in Table [ The ob-
ject maneuvers in a two-dimensional trajectory with
a duration of 100 time steps as shown in Fig[2]
The object’s state and covariance are initialized as
X9 = [1000 m,300 m/s,1000 m,0 m/s,—3°/s]T and
Py = diag[100 m?,10 m?/s?,100 m?,10 m?/s%,100 x
102 rad?/s?). The root-mean square error (RMSE) per-
formance results are evaluated by averaging 10,000 Monte
Carlo (MC) simulation runs. The object trajectory and pa-
rameters settings are identical to the simulation realization
in [6], [14] to present a fair comparison with the previous
results obtained from incorporating BTLF into the UKF and
CKEF local approximation approaches.

B. Performance Evaluation

We evaluate the proposed TL-PF using the tracking sce-
nario in Fig. 2} The performance of the proposed TL-PF and
isolated PF are evaluated in terms of RMSE per time step,
as shown in Fig. 3] For comparison with the results in [14],
the figure also shows the RMSE performance of the isolated
UKEF and isolated third-degree CKF, as well as that of the
transfer learning versions of the UKF and CKF, denoted as
TL-UKF and TL-CKEF, respectively. The proposed TL-PF
algorithm with Ny = 6000 particles (blue dashed line with
+ marks) achieves RMSE values of 7.85 m and 14.38 m at
time steps k = 48 s and k = 75 s, respectively, under the
noise intensities of I, = 4 (primary sensor) and I}, = 1
(source sensor). In comparison, the isolated version of PF
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Fig. 2. Trajectory of object maneuvering in two-dimensions of Cartesian

coordinates beside time step, where ® and % indicate the initial and end
points, respectively.

Source and Primary Tracking Filters Intensity at I}, = 1, I, = 4

20
L]

=
=}
2
[€a]
n
2 ;
=1
m N
g !
b=l ANt
7] ] 1
z !
[aW \ I I
) o !
I
e HE ;
=} (AN T
& i !
& L i
2 1' I 1
g [ i
g TIsolated CKF, 3"-degree vt \ .
= p ,\_ +
5 — o TL-CKF, 3"-degree i (Wl
A sl Isolated UKF with x = 2 V! Y/ i
TL-UKF with x = 2 i g
Isolated PF with N, = 6000
— +4—- TL-PF with N, = 6000
5 ] i ] ] | | | | |
0 10 20 30 40 50 60 70 80 9 100
Time Step k

Fig. 3. A comparison of obtained RMSE performance plots versus time
step for the proposed algorithm TL-PF (blue dashed line with + marks),
TL-UKF [14], TL-CKF [14], and isolated filters.

(blue solid line) has RMSE values of 9.73 m and 17.34 m
at the same noise level and time steps. Furthermore, the
proposed TL-PF algorithm (with Ny = 6000) achieves an
RMSE of 13.10 m at time step k = 10 s, outperforming
the third-degree TL-CKF and TL-UKF (with x = 2), which
obtain RMSE values of 15.72 m and 14.35 m, respectively,
under the same conditions. From Fig. 3] we see that the
performance of the proposed TL-PF is always superior to that
of the isolated approaches. For most of the trajectory, TL-PF
performs significantly better than TL-CKF and TL-UKF. In
the intervals of (20,40) s and (85,95) s, TL-PF performs
comparably to TL-CKF and TL-UKF. We note, however,
that the performance of TL-PF can be further improved by
increasing the number of particles, Ny, at the expense of
higher computational cost.

To further demonstrate the behavior of the proposed TL-
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Fig. 4. The overall RMSE performance of the proposed TL-PF algorithm
(with Ng = 6000) under varying primary noise intensity I, plotted
alongside the performance of local BTLF approaches in [14].

PF algorithm, we evaluate its overall RMSE performance,
averaged over 100 time steps and 10,000 MC iterations,
under various levels of primary noise intensity I, while
fixing the intensity level of source noise I7,. As shown
in Fig. @ the accuracy gain of the TL-PF (blue dashed
line marked with *) compared to the isolated traditional PF
increases as the level of primary noise intensity I, increases.
For instance, under [, = 4, the TL-PF (with N, = 6000)
achieves an RMSE value of 14.33 m, while the isolated PF
has an RMSE of 16.74 m with a reduction in estimation
error of approximately 2.41 m. Similarly, under I, = 8, the
TL-PF has an RMSE of 17.45 m compared to 23.06 m for
the isolated PF with a reduction of 5.61 m. Furthermore,
the TL-PF (with N, = 6000) outperforms the fifth-degree
TL-CKF (green dashed line with v marks) and is capable of
achieving an accuracy gain value of approximately 1.24 m
under a level of primary noise intensity [, = 8.

VI. CONCLUSION

We developed a BTL approach for particle filtering, TL-
PF, in a dual-sensor system with asymmetric measurement
noise intensities at the primary and source sensors. By lever-
aging predicted measurement information transferred from
the source sensor, the primary sensor, which experiences the
higher noise intensity, is able to achieve a significant gain in
tracking performance compared to an isolated particle filter,
with no applying of transfer learning. We also compared
the performance of the proposed transfer learning particle
filter schemes to earlier schemes based on applying Bayesian
transfer learning to the unscented Kalman filter and the
cubature Kalman filter, referred to as TL-UKF and TL-CKF,
respectively.
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