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Abstract—We develop a framework for incorporating Bayesian
transfer learning into an unscented Kalman filter (UKF) to
track a nonlinear dynamic motion model in a multi-source
system consisting of two or more sensors. This framework
extends a previous UKF-based transfer learning scheme for
object tracking in a two-sensor system. Our objective is to extend
the application of transfer learning to leverage knowledge gained
from several source sensors. To achieve this aim, we generalize
the transfer learning approach to online multi-source Bayesian
transfer learning. The extended framework is approximated via
a UKF, where the predicted observation densities of one or
more sources are transferred to a primary sensor experiencing
higher measurement noise intensity. By leveraging knowledge
from multiple sources instead of a single source, the tracking
performance of the primary sensor is able to achieve a higher
level of estimation accuracy. The performance gain increases
proportionally with the number of source sensors. Qur numerical
results demonstrate the effectiveness of multi-source Bayesian
transfer learning in improving tracking accuracy.

Index Terms—Multi-source transfer learning, object tracking,
Bayesian transfer learning, unscented Kalman filter.

I. INTRODUCTION

Object tracking using a single sensor or multiple sensors has
been widely used in various applications. In a practical mul-
tiple sensor tracking system, sensors with overlapping field-
of-views experience diverse environmental conditions that can
negatively impact their observed measurements. A given sen-
sor within the multiple sensor system may encounter rougher
conditions, with higher noise intensity compared to the other
sensors, resulting in less accurate object tracking estimates.
In a real-world scenario, multiple operators might manage
classified tracking systems, each configured differently from
others in the same coverage area. Developing a collaborative
technique among these operators to enhance a tracking system
negatively impacted by higher noise intensity poses security
and privacy challenges. These challenges can be addressed by
limiting the information shared among the systems in order to
avoid the avoids the risks of reverse engineering, jamming, or
blind spots identification. In this paper, we investigate transfer
learning as an approach to limited information sharing in a
multi-sensor system that can enhance tracking performance.

Bayesian transfer learning (BTL) [1], [2], has recently
been introduced into object tracking. This technique leverages
previously gained knowledge between sensors with the aim of
achieving lower loss of accuracy in the estimation process.

In [3], BTL was incorporated with Kalman filter (KF) [4]
for tracking an object following a linear model via a dual-
sensor tracking system. In the context of nonlinear models,
local approximation approaches, particularly UKF [5] and
cubature Kalman filter (CKF) [6], were successfully adopted
BTL in [7], [8] for enhancing the tracking performance of the
primary sensor in a two-sensor system. The transfer learning
approach was extended to learn and extract knowledge from
multiple sources in [9]. In the field of deep learning, the use of
multi-source knowledge for a classifier with domain adaptation
has been shown to achieve superior accuracy performance
compared to the adoption of a single source domain [10].
Moreover, online multi-source transfer learning (OMTL) has
been applied to enhance classification performance in the
context of homogeneous and heterogeneous domains in [11].
Recently, a model-based method was proposed to predict the
trajectory of pedestrians with OMTL allowing the model to
learn quickly from the new scene [12]. It is important to
emphasize that the BTL approach differs from the distributed
Kalman filter (DKF) [13], [14], which has been employed in
sensor networks. The DKF has higher communication over-
head due to the sharing of estimated states, higher-dimensional
data, and observed measurements, including clutter, among all
sensors. Furthermore, from a communications perspective, the
DKF incurs a one time-step delay in the filtering process.
The present paper proposes a generalization of Bayesian
transfer learning filter (BTLF) for the dual-sensor tracking
system, to formulate a multi-sensor tracking system with
potentially more than two sensors, referred to as an online
multi-source Bayesian transfer learning filter (OMBTLF), in
which knowledge from multiple source sensors is simulta-
neously transferred and leveraged into the primary sensor
tracking filter. The UKF is integrated into the OMBTLF
framework to track an object following a nonlinear trajec-
tory. The generalized framework incorporates knowledge from
multiple sources and integrates predicted observation densi-
ties parameters, means and covariances from these sources
within the primary sensor filtering process. Our simulation
results demonstrate that the accuracy performance of the
primary tracking filter increases proportionally as the number
of sources increases. As expected, a larger number of sources
provides the primary sensor leveraging with more gained
knowledge into the filtering process compared to incorporating



knowledge from a single source.

The remainder of this paper is structured as follows. Sec-
tion II introduces notation and describes the representation
of the discrete nonlinear dynamic system. Section III gives
an overview of the OMBTLF framework and formulates the
problem of transfer learning in a multi-sensor system. In
Section IV, we develop our proposed UKF-based multi-sensor
tracking scheme with transfer learning. Our numerical results
and findings are detailed in Section V. The paper is concluded
in Section VI

II. PRELIMINARIES
A. Notation

Throughout this paper, we use uppercase and lowercase
letters for scalars, uppercase calligraphic and bold lowercase
letters for vectors, bold uppercase letters for matrices, and
bold uppercase calligraphic letters for sets. The transpose,
inverse, and diagonal of a matrix are denoted as (), ()71,
and diag|[-], respectively. The sets of natural, real, and positive
real numbers are denoted by N, R, and RT, respectively.

B. Nonlinear Dynamic System

In this paper, we consider a discrete time dynamic system
for a single moving object following a nonlinear model
represented via a state space as

X = fie(Xk—1) + Vi1, (1
zi = hi(Xk) + Wi, ()

where k£ € N represents the discrete time step of the dynamical
motion. The nx-dimensional state vector of the moving object
is denoted by x; € R™ and its motion is governed by a
nonlinear transition function f : R™ — R™<, The observed
measurement is represented by an n,-dimensional vector
zr € R™=, which is determined by a nonlinear measurement
function h : R™ — R™=, which maps the state vector into the
measurement space [15]. The noise vectors of the process and
measurement that identify uncertainty and disturbance in the
state and measurement models are represented as vi_; € R"™
and wj € R"™=, respectively.

IIT. ONLINE MULTI-SOURCE BAYESIAN TRANSFER
LEARNING FILTER APPROACH

A. Problem Statement

Consider a multi-sensor system with L + 1 sensors tracking
a moving object represented by the dynamical motion model
in (1). The process noise is assumed to be an independent,
identically distributed (iid), zero-mean Gaussian noise process
{vi : k € N}, where vi; ~ N(0,Q,) with identical
associated covariance Q, € R™<*"x for all sensors. The L+1
sensors in the multi-sensor system observe measurements with
various measurement noise intensities due to the surrounding
environmental conditions that each sensor in the multi-sensor
system imposes. As shown in Fig. 1, we assume that a
single sensor in the system, referred to as the primary sensor,
experiences higher noise intensity and observes measurements
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Fig. 1.
engaged in online multi-source transfer learning.

Illustration of a tracking system involving L multi-source sensors

represented by z; = h(xy) + wi. The remaining L sensors
are referred to as multi-source sensors. The measurement of
the ¢th multi-source sensor is given by z,(f) = h(xg) + W,(f),
where ¢ = 1,...,L. The measurement noises of the pri-
mary and the /th source sensor is assumed to be zero-mean
Gaussian noise given, respectively, by wy N (0,Qw) and
w,(f) id N (O,Q‘(,f)), where the corresponding covariances
Qw € R™"=*"= and QE,f) € R"=*"= are characterized by

Qw = Iy By, and QY = 1Y B,, 3)

with noise intensities I, € RT and I‘(,f) € Rt and common
matrix By, € R"#*"=_ The primary sensor has a higher noise
intensity than of the L multi-source sensors, i.e., I, > Iv(f),
due to the more challenging environment that it experiences.
To resolve this issue, we apply the OMBTLF approach to
extract predicted observation knowledge from L multi-source
sensors and then transfer this knowledge to the primary sensor,

as we detail in the following sections.

B. Multi-Source Tracking Filter

We extend the BTLF framework introduced in [7], [8] to
accommodate two or more multi-source sensors instead of a
single source. The multi-source tracking filter is assumed to
track a single object, although each of the L multi-sources
observes its own set of measurements. For the (th source
tracking filter, given a set of measurements z(?c, an unknown
object state x,(f) and predicted observation 17,(f+1 are estimated
according to the overall posterior density obtained as

P midy Lz o p(x | 2i0) p(mily [ 213). @)
where the first term denotes the posterior density of the object
state, which is estimated through the ¢th source tracking filter
as follows:

YA l
p(x\ | 2)) x

YA Y4 ¢ YA Y4 YA
pz” | <) px 1 %9 ) px, 12 ). )



The posterior density of the predicted observation to extract
the knowledge, as the predicted observation of the next time
step, of the /th source is expressed as

Y4 4
p(m(ﬁ)l | Z( )) X

¢ V4
p) 1 x ) pec % [29), )
(£) (f)) ()

where p(x;.;; | x;”) and p(nk_s_1 | X;.4,) follow the state and
measurement models of the nonlinear dynamic system repre-
sented in (1) and (2), respectively. The predicted observation of
each multi-source is obtained and transferred simultaneously
to the primary tracking filter.

C. Primary Tracking Filter

The primary tracking filter collects predicted observa-
tions transferred from multiple sources, resulting in a set
of collected predicted observations, denoted as Hoy =
{ngl,l, e ,ng:Lk) } Given a set of observed measurements zi.;,
of the primary sensor and leveraging the set of transferred pre-
dicted observations Hs.;, from multiple sources, the posterior
density of the unknown object state satisfies

P(xXp | 21k, Ho) X p(2k | X)) p(X | Z1:k—1, Howk),  (7)

where the second term in (7) defines the density of the object
state that is updated via leveraging transferred knowledge
from L sources as an intermediate step, prior to updating
step through the measurement observed by the primary sensor.
Conditioning on the same object state xj, the predicted
observations of each source are assumed to be conditionally
independent, the density p(xj | z1.5—1, H2.k) is given by

P(Xk | Z1:4— 1,7'12 k) O

Hp

As described in (7) and (8), the overall posterior density of the
object state in the primary tracking filter is estimated using the
observed measurement and transferred knowledge leveraged
from multiple sources.

p(xp | Zrp—1, Hok—1). (8)

" x)

IV. OMBTL FOR UNSCENTED KALMAN FILTER

The UKF [5] is approximated through a set of Np weighted
sigma points, {X;, W };Vzpl Consider an n,-dimensional state
density at time step k following a Gaussian distribution defined
as X ~ J\/'(fck“c, Pk‘k). The sigma points of the state density
are obtained using the following rule.

e Unscented Transformation: The sigma points computed
via the unscented transformation (UT) in [16] comprise N, =
2ny + 1 sigma points defined as

Xj ke =

Xkt / (nx + APk,

§=1,2,.. 0

Xije— v/ (nx + NPj_n iy J=nxt1,..., 20, (9)
)A(k\lﬁ j :2nx+17
where the scaling parameter is A = a2 (nx + k) — nx, Pk

denotes the jth column of the covariance matrix Py, and

the associated weights of sigma points in (9) using the UT are
given as

7=12,...,
j=2nyx+ 1.

2Ny,

1
Wik = {271/,\(+2,\7 (10)

Nx+A?

A. Multi-Source Tracking Filter

The overall posterior density of the ¢th source tracking filter
in (4) is estimated through a set of IV, weighted sigma points
via the UKF. In the OMBTLF framework, the estimate of
the object state at the current time step %k and the predicted
observation at the next time step k£ + 1 are computed in three
steps:

1) Prediction Step: The predictive density p(x,c | z1 k 1)

for the /th source is characterized by the mean x](d;cfl and

covariance P which can be computed as

klk—1°
N,
o (€) (0) 1,(6)
=S WAl (10
j=1
NP
©  _ © [p® ()
L Wik [Xj,kwc—l - Xk|lc—1}
j=1
T
) - (0) ’
|:Xj(7k’|k—17xk|k—1} +QlY, (12)

respectively, where the sigma points X k k-1 that are com-
puted via the posterior of the previous tlme step are propagated
through the nonlinear transition model to generate predicted
sigma points defined as Xj(ék)' o1 = [ (Xj(,ék)fll 1)

2) Update Step: The posterior density of the object state
p(x, © (Z)) in (5) for the ¢th source tracking filter is
estlmated by updating the computed parameters, 5(,&%_1
Pl(ﬁ 1» of the predictive density in (11) and (12), respectively,
via the most recent measurement z( ) observed using the /th
sensor. The updating procedure is deﬁned as:

%O _ 5@

| z
and

Xk = Xl K () Zi(f\;c ) (13)
P;:]LZP,(C% 1 K( Piz)k|k: 1 (KECE))Tv (14)
where
Al(ce\;c 1 Z Wj(.,zk) h( X_](ek)|k D (15)
K = Pfi’m s P ) (16)
zzk\k 1 Z Wj(l;c { ngk)|k D) - Zfﬁ_l]
[h(?@‘%k D)) val. an
Efz)k\k 1 Z W](l;v {Xj(,%kq Al(c?c 1}
[h<Xf2k D] (18)



3) Predicted Observation Step: The posterior density of the
predicted observation p(n,(fll | zﬂ) in (6) that is proposed as
part of the OMBTLF framework to formulate the significant
knowledge gained from the Eth source is Gaussian with

z
mean n,illl . and covariance Qn k+1)%- These parameters are

estimated via weighted 51gma points X (ek)‘  that are drawn

+(0)

according to xk‘ . and P | k in (13) and (14), respectively, as

) _ 0]
Yjpora =1 (XJ k\k) (19)
NP
S0 () 0)
Miet1k = Z Wi h (XJ k+1‘k> (20)
=1
NP
O _ © () )
Qn7k+1|k - Z Wj,k {h (Xj,k+1|k) "7;€+1‘k}
Jj=1
) ~ () T )
[h (X] k+1\k) nk+1|k:| +Qw. (2D

The estimated mean in (20) and covariance in (21) for each
source sensor that characterize the posterior density of the pre-
dicted observation are simultaneously and individually trans-
ferred to the primary tracking filter. They are then incorporated
into the next time step as priors of the filtering process at the
primary sensor.

B. Primary Tracking Filter

Given the predicted observation density parameters

transferred from each source sensor, defined as
{ k\ k o Qiﬁkl 4_1)i—1. the overall posterior density of
the object state p(xy | z1.x, Ho.x) in (7) can be equivalently
estimated via the UKF as follows.
1) Prediction Step: The mean and covariance of the predictive
density p(xx | 21.k—1,Ho—1) in (8) are approximated
through a set of weighted sigma points A 15— that are
drawn based on the previous posterior density p(xx_1 |
Z1g-1, Hok—1) = N(xXp_1;Xk_1, Pr_1) as follows:

Np

Xi|k—1 = Z Wik [ (X r—1e-1) » (22)
=1

Pijp—1 = Z Wik [f (X r—1jp-1) = Kije—1] -
L (Xjkap—1) — )A(k:\kfl]T + Q.. (23)

2) Update Step: Once the transferred parameters of L sources
that are predicted in the previous time step k — 1 are received
by the primary tracking system, the mean and covariance of
the predicted object state density that are estimated in the
prediction step are updated based on L predicted observation
likelihoods p(nk | xx) in (8). The procedure for updat-
ing the mean and covariance through the set of transferred

parameters, defined as n,(f) ~ N('nk‘k 1,Qn lk— 1), where

¢=1,---,L, to estimate the density p(xy | Z1.k—1, H2x) =
N(xk;fcglk_l, PZlk ,) in (8) is given as follows:

0 .t .
Xk|k 1= Xlk—1 + Z Kn( " (n Ecﬁﬂ 1 M=), (24)
=1
Pl = Prjp—1—
L
¢ ¢
SR (Prpageot + QL) KP)T, (25)
=1
where
X k-1 = f (Xjr—1jp-1) » (26)
NP
Mele—1 = Z Wik b (X k1) (27)
=1
4 L _
K =Py i1 (Pomin—1 + Q5,72|k,1) L@
Np
Pt = D Wik [ (Y1) = s |
=1
A T
[h (X k1) — nk|k71} ) (29)
Np
Py k-1 = Z Wik [Xrk—1 — Xkje—1] -
=1
X T
(1 (2 a11) = g | - (30)

After updating the mean and covariance in the intermediate
step of the OMBTLF framework, a set of sigma points
X] k1 is drawn according to the estimated mean chl b1
and covariance PZl w1 in (24) and (25), respectively, to ap-
proximate the overall posterior density p(xy | 1.k, Ho:x) =
N (Xk; Xg)k, Prji) in (7) using the measurement likelihood
p(zk | Xi). The mean and covariance parameters that char-
acterize the overall density are estimated, respectively, as

follows:

Xk = ’A(Z\k—r + Ky (zr — Zgjp—1); (31)
Py = PZ|k_1 — K Py (Ki)7, (32)
where
Zk|k 1—2 ijh( 5,k |k— 1) (33)
Jj=1
Ky = sz,k\kfl (Pzz,k|k71)_17 (34)
2z kk—1 = Z Wik [h (X k\k—l) - Zk\kfl]
) T
() = 2pa] + Qe 39
NT)
Pys k-1 = Z Wik |:Xj7,7k|k71 - ’A(Zucfr} '
=1
T
[h (X;'klk_l) _ zk‘k,l} . (36)



The estimated mean in (31) and the covariance in (32)
express the overall density of the object state that is ap-
proximated through a set of N, weighted sigma points by
integrating the UKF with OMBTLF to update the predictive
density using L predicted observation likelihoods, transferred
parameters of multi-source sensors, and the measurement
likelihood of the primary sensor. By leveraging transferred
knowledge from multi-source sensors, the primary tracking
filter is expected to achieve higher estimation accuracy.

V. NUMERICAL RESULTS

We consider an object moving in a maneuvering motion
behavior that follows the nonlinear discrete-time dynamic
model utilized in [17] defined by

1 sin(gl;::llTs) 0 — 1—co;(i2fl,1Ts)) 0
0 cos(Q—1Ts) O —sin(Qg_1T5s) 0
Xk = |0 kcoil(i)fl_ln) 1 sin(Q::llTs) NE
0 sin(Qr_17s) O cos(Q—1T5s) 0
0 0 0 0 1
+ Vi1, (37)

where the state vector Xy, =[xy, Tk, Y&, Uk, Qx]? consists of
the two-dimensional Cartesian coordinate positions, velocities,
and a turn rate described as (2, yx), (€, Yx ), and Q, respec-
tively. The process noise xj, which represents the uncertainty
in the actual motion model, is assumed to be zero-mean

Gaussian noise with covariance

4 3
o a0 0 0
T3 2
G5 Ty 0 \ 0 . 0
QV = 0 0 q1 1;; q1 L 0 (33)
0 0 @ TQ aT? 0
0 0 0 0 g7

The observed measurements of the ¢th source and pri-
mary sensors follow the measurement models defined in
Section III-A. The measurement vector consists of the object
range 1 and angle (i:

T
[\/x% + y2, arctan (yk/xk)] . (39

The measurement noises of the ¢th source and the primary
sensors are assumed to be zero-mean Gaussian with covari-
ances given by (3), where the noise intensities are denoted
I‘(,f) (for the L multi-sources) and Iy, (for the primary) and
the common matrix is given by By, = diag[o7, 0],

In the simulation setup, all L + 1 sensors (L multi-
source sensors and the primary sensor) are impacted by
noise processes with the same covariance Q. according to
our problem formulation. Accordingly, the noise intensity
of the L multi-source sensors is assumed to be smaller
than that of the primary sensor, i.e., I‘Ef) < Is. The
trajectory of the object under evaluation is identical
to the one used in [7]. For comparison purposes, the
object state initialization parameters are specified as

zp = [re, )" =

-
000 _—
0
‘g -2000
£ 4000
@ -6000
=}
Q
O -8000
-
-10000
P
412000 | —
7000
6000 -
5000 ™~
4000 — 100
3000 _—~ w
. ///\/ 60
. 2000 = 40
X-Coordinate (m) 1000 20 .
0 Time Step k
Fig. 2. Trajectory of a moving object in two-dimensional space with @

indicating the starting point.

xo = [1000 m, 300 m/s, 1000 m,0 m/s, —3°/s]T and Py =
diag[100 m?, 10 m?/s?, 100 m?, 10 m? /s2, 100(10~3) rad? /s?]
and the object trajectory has a duration of 100 time
steps, as shown in Fig. 2. The simulation parameters are
set as Ny = 5, Ny, = 2, aa = 1, k = 2, Ty, = 1 s,
q1 = 0.1 m?/s*, g = 1.75 x 1072 rad?/s?, 0, = 10 m, and
o¢ = /10 x 1073 rad. The root mean square error (RMSE)
is an estimation error metric, which is obtained by averaging
over 10,000 Monte Carlo (MC) iterations.

TABLE 1
SCENARIO 2 SETTINGS

FASI (SO (SO SO SN 2 SRR S 2 S
425 462 150 465 352 139 211 318 483 485

We consider two scenarios: deterministic and stochastic.
In Scenario 1, the L multi-source sensors are assumed to
experience identical conditions with noise intensity value
I‘Ef) = 1. In Scenario 2, the noise intensity of the ¢th source
sensor is uniformly drawn within the range of 1 and 5 as
I‘Ef )~ U[1,5], where the corresponding drawn values of the
noise intensity for each source sensor are provided in Table I.
The RMSE performance of the proposed online multi-source
Bayesian transfer learning (OMBTL) with UKF framework
has been extensively evaluated for several conditions of the
two scenarios to demonstrate the effectiveness of leveraging
the knowledge gained from multiple sources.

As shown in Fig. 3, under the primary sensor noise intensity
value of I, = 8, the transfer learning unscented Kalman filter
(TL-UKF) achieves smaller estimation error by leveraging
knowledge from a single sensor and multi-source sensors
compared to the isolated UKF (i.e., without transfer learning).
Moreover, the TL-UKF with L = 8 sources for Scenario 1,
dashed line, achieves superior performance compared to the
TL-UKF of Scenario 2, dotted line, under the same primary
noise intensity and the number of sources. This attribute is
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Fig. 3. A comparison of RMSE curves for an isolated UKF and a transfer
learning UKF (TL-UKF) using a single sensor (L = 1) and L = 8 multi-
source Sensors.

clearly illustrated in Fig. 4, where the performance of TL-
UKEF for Scenario 1 surpasses the performance in Scenario 2
under a varying number of multi-sources, L. Note that L = 0
represents an isolated system that does not leverage knowledge
from other sensors, which explains the identical performances
of two scenarios. As expected, leveraging more information
from more sources enhances the tracking performance of
the primary sensor that experiences higher noise intensity.
However, the number of sources is not the only parameter
that plays a role in improving the performance of the primary
sensor. As shown in Fig. 4, the quality of the transferred
knowledge has a significant impact on the performance of the
primary sensor, where sources with lower noise intensity, as in
Scenario 1, provide useful measurement information compared
to sources with slightly higher noise intensity, as in Scenario 2.

VI. CONCLUSION

We developed an online multi-source Bayesian transfer
learning (OMBTL) framework that transfers knowledge from
L sources to a primary sensor to improve its tracking perfor-
mance in conjunction with an unscented Kalman filter (UKF).
By leveraging predicted observations from L > 2 sources, the
primary sensor, which experiences higher noise intensity, is
able to achieve lower estimation error compared to the case
of leveraging knowledge from a single source (L = 1). A key
finding of the proposed framework is that the improvement in
primary sensor performance depends proportionally not only
on the number of multi-sources but also on the quality of the
predicted observation information transferred by the sources.
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